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ABSTRACT

We unify the four commonly used polychotomous logistic regression (PLR) models,
namely, baseline-logit, adjacent-logit, cumulative logit and continuation ratio,
and define a super structure for polychotomous logistic regression models under
case control data. Zhang’s (2000) information matrix test of goodness-of-fit for
retrospective binary logistic regression models has been extended to assess the
goodness-of-fit of the proposed polychotomous logistic models. Some numerical and

simulation will also be presented.

AMS 2000 subject classifications. Primary 62F12; 62J12; 62P10

Keywords polychotomous logistic model, case-control study, semiparametric

model, goodness-of-fit, information matrix test, noncentral chi-square.

1. Introduction

The binary logistic regression model has been extremely attractive and played an
important role in many practical areas such as biomedical, social sciences, political
science, etc. It models the log odds of observing the outcome of interest from the
possible outcome adjusted (controlled) by some risk factors. Let Y be the response
variable taking either value 2 (disease, success, etc.) or value 1 (non-disease, failure,
etc) and X be the p-dimensional vector of risk factors affecting the probabilities of
observing Y = 2. Let a and 3 be the regression coefficients. The p-dimensional vector
3 usually called the log-odds ratio parameter associated with the p-risk factors. The
binary logistic regression model is defined as

P(Y =2[X =x)
1-P(Y =1X =x)

log =a+p07x (1)

Let m;(x) = P(Y =i|X = x) for i = 1, 2. Clearly my(x)+m1(x) = 1. Using the notation

of cell probability m;(x), we can re-express (1) as

7T2(X)
1-— TI'Q(X)

= log =a+87x (2)

log m2(x)
1

m1(x)

That is, the binary logistic regression model links the log odds of observing ¥ = 1

(disease) with a linear combination of risk factors o + 37x and o and B are naturally



called odds ratio parameters. 3 reflect the contribution of associated risk factors to
the odds ratio. Note that if we link the log of odds of observing Y = 0 with a linear

predictor, then we have

m1(x) m(X) . T
lo =lo =a" + X 3
g1—7r2(x) gﬂ'Q(X) p ®)
Since a* = —a and 8% = —8*, model (1) and model (3) are equivalent.

In many practical situations, there are more than two categories for the response
variable Y. For instance, in epidemiologic studies, the variable of interest may be the
disease severity taking values non-disease (1), mild (2), moderate (3), and severe (4).
We can use a similar approach to link the odds of observing certain disease severity with
a linear predictor. There are several ways to define logits according to the ordinality of
the response variable Y. For the nominal response Y with J categories, we can select
any category, say the category J, as the reference and define log odds (restricted to

the two selected categories) similar to (1).

(%)
log 7 J(%)

which is usually called generalized logit model or baseline logit model. Since Y has J

=o;+B]x, for j=12,--,J-1 (4)

categories, we need J — 1 log odds to fully specify the model. When J = 2, (4) reduces
to (1). This model has been studied and applied to different subject areas, to name a
few, by [14], [2], [3], [6], and among others.

For ordinal variable Y, three models with practical meaning are defined by incorpo-
rating the ordinal information. The first of these models is called adjacent logit model

having the following definition

(%)

T .
=a;+3;x, for j=1,2,---,J—1. 5
7Tj+1(X) J /3] J (5)

log

The adjacent logit model uses the ordinal information in Y, but it can be, in fact,
expressed into a baseline logit model [1]. In other words, we can fit a generalized logit
model to data and then use the relationship between the regression coefficients of the

two models to get fitted adjacent logit model, and vice versa. Since Y is ordinal, it



is meaningful to define cumulative probability v;(x) = P(Y < j) = i;:1 m(x). The

next ordinal logit model is defined based on 7;(x) with the following form

75(x)

=a;+08'x, for j=1,2,---,J—1. 6
=00 TP ©

log

where a1 < ag < --- < ay_1 which guarantees that the fitted probabilities are non-
negative. This model links the log of odds of observing response Y being lower than
the j-th category with a linear predictor. It is essentially a binary logistic model for
each specific choice of j. Since it is defined based on cumulative response probability,
it is naturally called cumulative logit model in literature. [14] pointed this model to
be a proportional odds model when the log-odds ratio parameters are assumed to be

constant across all J — 1 logits (3; = 3) since

v5(x1)/(1 = 7;(x1))
vi(x2) /(1 —v;(x2))

=exp(—B7(x1 — x2)), for j=1,2,---,J-1.  (7)

Note that if Y represents the discrete the survival time, (1—7;(x1)) becomes survival
function. Therefore, model (7) can be used to model discrete survival time. Recently,
[13] used the idea of the definition of the proportional odds model to propose a general
method for expanding existing parametric families. The last model we will cover in
this paper is usually called continuation ratio logistic regression in literature, see for

example, [6], [14], [1], and among others. The definition of the model is given by

7T(X) T .
log—2"— =, + 3%, for j=1,2,---,J—1. 8
P10 T g (8)
or
long(X):ozj—l—ﬁ]TX, for j=1,2,---,J—1. (9)
()

Unlike ordinal PLR models (5) and (6) having palindromic invariant property, the
continuation ratio logistic model does not possess this property. Reversing the response
Y in the continuation ratio model yields inequivalent models. Therefore, (8) and (9)

are not equivalent even though the inferential procedures for them are the same. Be-



cause of the irreversibility of the response Y in the continuation ratio model, it has a
special attraction to the cases in which the response has a natural special hierarchical
structure. In the rest of the discussion, we only focus on the continuation ratio logis-
tic model (8). The continuation ratio logistic model has been receiving considerable
attention from researchers in different areas, such as [9], [25], [11], [23] and [4].

Since these polychotomous logistic regression models consist of a sequence of binary
logits according to the ways of using the ordinality of the response, fitting these models
to prospective datasets is similar to fitting a binary logistic regression model using any
general-purpose statistical packages. Pearson and deviance x? are the standard tests
for goodness-of-fit. However, in many situations, it is either impractical or impossible
to collect data prospectively. For instance, in an epidemiologic study, if the disease
under investigation is rare (one out of one million)or has an extremely long latency
(30 years), taking data prospectively will end up with either very few cases or 30 years
of waiting time for the disease development. [5] and [21] systematically investigated
the ways of fitting the logistic regression model to retrospective data and concluded
that it is valid to fit the logistic regression model to the retrospective data as if it were
collected prospectively, but the inference on the intercept parameter is not possible
unless the sampling fractions are given. [24] pointed out that such an approach is
sensitive to model misspecification.

Using empirical likelihood method [18, 19], [22] proposed a profiled semiparametric
empirical likelihood method combining estimation and a Kolmogorov-Smirnov type
goodness-of-fit test for the retrospective logistic regression model. In the same direc-
tion, [28, 29] and [20] studied generalized logit, proportional odds and continuation
ratio logistic regression based on case-control data respectively. Since there is no an-
alytical expression for the proposed Kolmogorov-Smirnov test statistic, a Bootstrap
procedure was used to establish the decision rule.

In this paper, we first define a unified structure of the aforementioned four retrospec-
tive polychotomous logistic regression models based on the work of [28, 29] and [20]
and then extend [27] information matrix test of goodness of fit to the unified structure
of retrospective polychotomous logistic regression models. In Section 2, we propose
a unified structure of retrospective polychotomous logistic regression models and the
asymptotic results of the semiparametric empirical likelihood estimators. In Section

3, we establish the information matrix equality. The construction of the information



matrix test statistic (x?) will be presented in Section 4. Some numerical results based
on real-life data and power analysis based on a local alternative via simulation study
are given in Section 5, and Section 6 includes a summary and concluding remarks.

Technical details are given in the appendix.

2. Unified Structure of Retrospective PLR

In this section, propose a unified structure for retrospective PLR models. The adjacent
logit and the generalized logit models are equivalent in the sense that one can be
converted to the other since the regression coefficients in both models have a one-to-
one linear relationship (see, for example, Agresti, 2002, pages 286-287). Throughout
this paper, PLR means generalized logit, proportional odds, and continuation ratio
logistic regression models.

Let {X;1, Xi2, -+, Xin,} be the random sample collected from the i-th population
(i-th category of Y') for i = 1,---,I. Assume further that these samples are jointly
independent. Denote P(Y = i) = 7;, the population proportion of i-th category, for
1=1,---,1. According to Bayes Theorem, we have

P(Y =i|X)-P(X) m(X)P(X)
P(Y =1) - P(Y=i)

PX|Y =i) = (10)

Let f;(x) and f(x) be the density functions of X given that Y = ¢ and X respectively.
Fori=1,---,1—1, wedefine w; = log[P(Y =1)/P(Y = I)] to be the sampling fraction
based on i-th and I-th subpopulations. Let 6, = (ay, 81)T, 0 = (67,--- ,0F )T,
v = (1,72, ,v1-1)'. Re-expressing (4), (6) and (8) in terms of 7;(z) and solving
for m;(x) by using the fact that Zle mi(z) = 1, and plugging m;(z) in (10), we get the
following I-sample semiparametric model (see Zhang, 1999, 2001 and Peng & Zhang
2008 for details),

ii.d.
XIla”' )anl lrlw fl(x)7

N (11)
Xity - Xin, = exp (i + gi(2,0)) - fr(z), for i=1,--- -1,

where, for the generalized logit model,

gi(z) = Bj « (12)



and y; = a; + w;; for the proportional odds model,

() =1lo Si(l’,a,,@) —Si_l(iﬁ,a,ﬁ)
gi(z) =1 g(sj(%a’m_w_l(x’a’m) (13)

with s;(z, o, B) = exp(a;+B8Tz) /[1+exp(a;+ BT x)] and ; = w;; for the continuation

model,
B e+ Z{:}l log[1 + exp(ay + BTz)], i=1,
9i(x,0) = 3 a; + BT+ 32 log[l +exp(ag + )] i=2,--- 12,  (14)
ar—1 + ﬁ}llﬂf, otherwise.

and v = a1 +wj and ; = w; for ¢ > 1.

Remark 1. It is customarily assumed the equal odds ratio parameter (across all
logits) in the proportional odds model. That is f = 8 = g = ... = T | [14, 29].

Remark 2. It is seen that all intercepts in the retrospective generalized logit model
are inestimable (v; = a; + w; for i = 1,--- ;I — 1); only oy in retrospective contin-
uation ratio models is inestimable (y; = a; + wy), all intercepts in the retrospective
proportional odds models are estimable (vy; = w; fori =1,--- ,1 —1).

Remark 3. The parameters in the vector 6 vary depending on the correct model. In

retrospective generalized logit model, 8; = §; for all i = 1,2,--- , I —1; in retrospective
proportional odds model, §; = (a;, )T for all i = 1,2,--- I — 1; in retrospective
continuation ratio model, §; = 1 and 6; = (ay, 87)T for alli =2,--- , T — 1.

3. Model Estimation and Some Asymptotic Results

For i = 1,---,1, let Fj(x) be the corresponding cumulative distribution of f;(z),
{T1,---,T,} be the pooled sample {Xi1, -, Xip,5-; X1, -+, Xpn,} with n =

Zi[:1 n;, Then from model (11) , we have following likelihood function

I-1 n;

L(3,0, F1X) = [ T TTexv (v + 0:(Xi550) ) aFr (X,y)] [HdFI X)]
i=1j=1 J=1
-1

i o st}

8:1 i=1j=1



where p; = dF(ts) is the empirical likelihood of F7(X) at point s with Y o, ps =1,
and g;(z;0) is specified respectively in (12), (13) and (14) for i« = 1,2,---,I. The

corresponding log-likelihood function is

I-1 n;

'Yae FI Zlogps'f'znz%"‘zzgz Xz]ae (16)

i=1 j=1

The estimates of parameters 6, ; and the distribution F7(x) corresponding to the
density function fr(z) will be obtained by maximizing [(v, 8, F;) subject to the fol-
lowing constraints, for s =1,2,--- ,;n,i =1,2,--- | I — 1,

1. ps>0, 2. " ps=1, 3. Z?les{exp[%‘ + 9i(Ts; 0)] — 1} = 0. We
first use Lagrange Multipliers to maximize the log-likelihood function (16) with given

constraints by fixing parameters first and get profile MLE of p,

1 1
ﬁs = , (17)
nr 1 + Zz 1 Pi exp[y; + gi(Ts; 0)]

where p; = n;/ny for i = 1,2,--- ;I — 1. One can see that ps is a function of data
values and unknown parameters v and 6. In (16) we substitute ps for ps and get the

following semiparametric profile empirical log-likelihood function

I-1 I-1 n,
l(v,@)——nlognI—Zlog{l—|—Zplexp%—|—gl (Ts; 0)] }—1— [gz ij 0) + il

s=1 =1 i=1 j=1
The corresponding score equations are given by, for u =1,2,3,--- ;I — 1,
n
Ts; 6

s=1 1 + Zm ]_pm eXp[’Ym + gm(Ts 9)]

[agz Xij;0) an—ll Pm €XP[Ym + g (Xij; 0)] - Ogm(Xij;0)/00

=0. (19)
i=1 j=1 1+Z 1pmeXp[7m"i_gm(XZ]79)]

The semiparametric MLE of (v,0), denoted by (7,0), is a solution to the above
system of score equations (18) and (19). Hence, the semiparametric empirical likelihood

estimate of p is given by



1 1
Ps=_—- -1 - Xk (20)
nr 1+ 371 piexp[¥i + 9i(Ts; 0)]

The corresponding semiparametric estimate of F;(x) under retrospective polychoto-

mous logistic regression model (11) are, for i =1,2,--- ;I — 1,
Fi(t) = Zﬁfmgt]a Fi(t) = Zﬁexp(’% + 9i(Ts = 0))[1,<q- (21)
s=1 s=1

We assume that n;/n approaches to a constant when n = Zle n; — oo, for i =
1,-+-,I. Denote p, = limy,_00 Ny /01, p = limy, 00 Zf:_ll ni/nr,vr = 0,g7(x) = 0. Let

(70, 00) be the true value of (v, ). Furthermore, we define, for u,v =1,2,--- 1,

eu(@) = puexplyu+ gu(@, )| ; (22)
7="0,0=0o
T 0gy(x,0) 0gy(x,0) T 0?gy(z,0)
0 _ ) . 0 — ) . 00 — ) .
w ()= =50 |y @) a0 ‘9:90’ 9u' () = 55007 |y_g,’
(23)
eun(T) = pu exp[yu + gu(®, 0)]pv explyy + o (T, 0)]|1=ry 0=0,, u # V;
1
euu(x) = — Z ew(x), for u=1,2,--- 1—1;
u#v,v=1
I-1
P(a) = {1+ Y pmexplym + g (@07 oy (24)
m=1
[ P@)ewln)dFi(@);  for u#
Aypy = ——— T)eyn(T z); or u # v;
1+4+p !
I
Ay, = — Z Quyp, for u=1,2,---,1—1;
uFv,v=1



Consequently,

-1
1
aulz—m P(l‘)eu(l‘)dGI(l’) :;auv for u=1,2,---,1—1.
T
1= (auv)uvzl 2 I—1 52 = ((agG))T’ (age))T’ T ’(age—)ﬁT) (25)
where
1 I-1
V=1 / u(@) (92 (2) - P(a) > em(@)gh (2) )dFs ()
1 I-1 I-1 -1
Sz = 1+p/ ( g ()9l (@)em(2)—P(2) Y em(x)gh(2) > em(x)gh, (@)dpf(x)
m=1 m=1 m=1
(26)
S1 S D+U O
D:diag(pi,...wl)’ SZﬁ 1 02 - an (27)
1 ' Sg S3 O1 02

where U is the (I — 1) x (I — 1) matrix with all elements being 1, Oy is an [( —
D(p+1)—1] x (I —1) zero matrix, Oz isan [(I - 1)(p+1)—1] x [T = 1)(p+1) —1]
zero matrix, p is the number of parameters in the corresponding retrospective PLR
model. With the above notations, we state the asymptotic normality of the estimators

of the regression coefficients as follows

Theorem 3.1. [20, 28, 29] Under retrospective polychotomous logistic regression
model (11), we have

=172 <3l(70, to)) Ol(70,00)

T
87T ’ 90T ) —p N(Oa V)

consequently,
T .17 T _ T\’
ﬁ(’? % ¢ _90) —4 N(0,T)

where V=8 — (1 + p)(ST,STYD + U)(ST, ST and T = S~ — (1 4+ p)Q. S1, 52,8
and ) are specified in (25) and (27).

10



4. Information Matrix Equality

In this section, we proposed an information matrix-based generalized moment y? test
to assess the fit of the retrospective PLR model (11). [26] proposed a parametric infor-
mation test using the fact that, under standard regularity conditions, the expectation
of the score derivation matrix U, (¢) = —n~1{9%1(£)/0£0¢T} and the score squared ma-
trix V(&) = n=t 300 {01(€)/0¢}{01(£) /0T } are equal to the the information matrix
if the model under study is correctly specified (£ is the vector of model parameters).
[7], [8], [10], [16, 17], and among authors studied this information test and applied
it to econometrics. [12] extend the [26] to partial likelihood set-up and use it to test
goodness-of-fit for Cox models. [27] extends to semiparametric empirical likelihood
case and uses it to assess the model fit for retrospective binary logistic regression
models. Here we generalize [27] goodness-of-fit test to retrospective PLR models.

Recall that 0; = (a;, BT, 0 = (0F,--- 07 )T, v = (y1,72,- -+ ,y1-1). For i =
1,2,---,I,and j = 1,2, -- ,n;, the log-likelihood of o and 8 based on retrospective
model (11) at point X;; is defined to be

I—-1
Lij(7,0) =log{1+ > pmexp[ym + gm(Xij, )} + Licn [7i + 9:(Xi5,0)].  (28)

m=1
Then the semiparametric profile log-likelihood can be written as
I n;
[(v,0) =nlogn; — > > 1ij(7,0)
i=1 j=1

For the notational simplicity, denote ¢ = (77,07) and ¢g = (7], 6]). Furthermore,

denote
*1(y0,00)  9*1(0,60)
Un(¢0) = Un(v0,60) = RallCal) . 6787 87697 (29)
’ n 9¢pT — n | 910,00 *(v0,6)
000~™ 0000™
and

Lij( li;
Va(¢0) = Va(q0,00) = 22{8 1(00) 35(;?0)}
=1 j=1

11



n, [ 9lij(y0,00) Olij(70,60)  Olij(0,60) Olij(v0,60)
1 v T vy 90" (30)
n Z Z Olij(v0,00) Olij(70,00)  Olij(70,00) Olij(Y0,00) |’
i=1 j=1 Bl oy Bl il

where The cell elements of (29) and (30) are specified in the proof of the following

information matrix equality is given in the appendix.

Theorem 4.1. Under model retrospective polychotomous logistic regression model

(11), we have

Sy; ST
E[Un(%,eo)} = ) =-s (31)
Sy Ss3
and
Sy ST
E[Vn(’m,@o)} = . =5 (32)
521 Ss3

Consequently, the following Information Matrix Equality holds.

E(Un(70,0) + Va(70,60)) =0 (33)

where Uy (70,60) and Vy,(y0,00) are score derivative matriz and squared score matric
respectfully.

Since the matrix Uy, (70, 60)+ Vi (70, 6o) is unobservable, we can estimate it by substi-
tuting values of the parameters 7y and 6y with the consistent semiparametric estimates
4 and 6. It is expected that the matrix is close to a zero matrix if our model fits the
data well. By using this fact, we propose a Wald-type test statistic to assess the global
fit of the adjacent category logit model based on case-control data based on the differ-
ence between the estimated consistent semiparametric score derivative matrix U, (7, 9~)

and the squared score matrix V;,(7, 0) to assess the fit of the model in the next section.

5. An Information Matrix x? Test Procedure

We will follow the approach of White (1982) and Zhang (2001) to construct the test
statistic. Since the matrix Uy, (5, 6) + V,,(7,0) is symmetric, we now construct a test
statistic based on the lower triangular elements of the matrix. Let ¢ be the number of

parameters in the retrospective polychotomous logistic regression model. Denote ¢ =

12



(1,2, s g1, Pq) = (Y1, 1, 07,05, -+, 0F)T where 6; is specified in remark 2.
Furthermore, let k = v + (u—1)q) —u(u —1)/2,1 < u < v < q. It is seen that k and

the ordered pair (u,v) have one-to-one correspondence. Define

Plij(p: Xig)  Olig( : Xij) Oliz(¢ = Xij)

W) =l O X =00 o T e o 3y
1 I n
Din(¢: Xij) = > du(e, Xij), where k=v+ (u—1)g) — u(u—1)/2.
i=0 j=1

The explicit expression of di(¢ : X;;) can be found in the proof of the information ma-
trix equality theorem in the appendix. Using the one-to-one correspondence between
E=v+(u—1)q) —u(u—1)/2,1 <u < v < q and the ordered pair u,v, we define
the s = ¢(q + 1)/2 dimensional random vector based on the elements in the upper

triangular portion (including the main diagonal elements) of U, (¢) + V,,(¢) as follows

Dy(¢: Xij) = (D1n(¢ : Xij), Dan(é : Xij),++ s Den(¢: Xij)),  Dn(¢) = Dn(¢ : Xij)
(35)

where q~$ is the semiparametric empirical likelihood estimate derived from (18) and
(19). Since the log likelihood function is third order differentiable, the partial deriva-
tives and the expected matrix exist. For notational convenience, we suppress the no-

tation in (28) as lo(¢ : Xij) = lij(7,6). We define,

VD, B) = ODpp(av, B) _ (aDkn(¢ : Xij)  ODp(¢: Xij)>

96 961 s Y (36)

where, for [ =1,2,--- ,q,

ODgn(d: Xij) _ 1 inz (33l0 ¢, Xij)  8Plo(o, Xij) lo(o, Xij)  lo(¢, Xij) 5210(¢,Xz‘j)>
8¢l n a¢la¢ua¢v a¢la¢u a¢v a¢u 8¢l8¢v

=1 j=1

The above first, second, and third order (partial) derivatives of lyo(¢ : X;j) can be

explicitly expressed in terms of data values and the values of parameters. Define

sz(W)z(bkl) for 1<k <s,1<[<q. (37)

13



Clearly, VD(¢) is an s X ¢ matrix with cell elements specified by

br =

1 / ! (33l0(¢,x)  Plo(¢,x) Dlo(p,7)  Dlo(o, ) 8*lo(6, 2)

We need a few more notations before presenting the main result. Denote

Uy = (pprr)y A= (M), for 1<k k <s,1<w<gq

be s x s and s X ¢ matrices with, as usual, k¥ = v + (v — 1)g — u(u — 1)/2,k' =

v+ (v —1)g — v (v —1)/2 and

ik = zI: <1iip>2/duv(¢ L @) dyo (¢ 2 2)dE ()

=1

+ Z pzpi/ 5 /duv(d)O : x)dGz(fE) /du’v’(¢0 : w)dFZl (.%')

1<17éz’<l p)

Thow = i( pi )2 / pidus( : 1) 2D g ()

1+p a¢w

pipi dG(ny [P0 )) p
+1<§<1 o s [ dunten: )dGita) [ FEar (@

Define
Y= + T[S — (14 p)Q)b—2AS~ b
Based on the above notations, we state the main result as follows

Theorem 5.1. Assume the retrospective polychotomous logistic regression model (11)

and ¢ = (7,0) is the semiparametric likelihood estimate of ¢ = (7,6). We have

1 9L(0)
d¢

ViDA(8) =Vt | Daldo) + 7S Fo (1) > N,(0,%).  (38)

Furthermore, if ¥~1 exists, we have

14



=) Dn($) = X3 (39)

Proof  See the appendix.

The one dimensional statistic n[Dn(é)]TE*I(@Dn(@ measures the discrepancy be-
tween the true model (11) and any incorrect model. The level of significance can be
evaluated through the asymptotic distribution.

Since the covariance matrix X is unobservable, we can use the sample version ) by
substituting the true value of parameter (¢) with the semiparametric estimate (¢), in
the calculation of the covariance matrix, we need the cumulative distribution functions
Fi(x),: = 1,2,---,1 — 1. We can replace F;(z) by our semiparametric estimators

specified in (21). If we replace the consistent semiparametric estimate Y of ¥ and

assume further that the inverse of %(¢) exists, then

~ ~ T ~ ~ ~ ~ ~
[Da(9)]" 57H0) D@, B) = X3
Remark: If some of the elements in the matrix Q,, are linear combinations of the
others, then the estimated covariance matrix would be singular. In this case, we replace
! with the generalized inverse matrix 1. So we will lose some degrees of freedom.
The asymptotic distribution of Dn(gg) is still a x2 distribution with degrees of freedom

r <s.

6. A Case Study and Numerical Results

In this section, we study the power of the proposed information matrix test under a

local alternative. Consider the following model alternative to PLR (11)

ii.d.
XI]J"‘ JXIn[ ~ fl(x)7

Xit, s Xin, iLd exp (’yi + gi(x,0) + m-(§,x)) - fr(x), for i=1,---,1—1,
(40)

where k;(§,x) is a pre-specified function. Furthermore, assume that there exists a
unique &y such that x;(&o,z) = 0. Therefore, testing that Hy : PLR (11) is valid is
equivalent to testing Hy : £ = & under model (40).
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As a special case, we choose the null model as the generalized logit model

X, Xin, ~ filz) =explag + frz),
Lid.

X, , Xop, ~ fa(x) = exp(ag + f3z), (41)
id.

Xil)"' 7Xini 1'1\‘ f3($)

Xp,o, Xin, =7 fi(x) = exp(oq + B+ ya?),
iid.

X, Xon, =~ fa(x) = exp(as + B3z), (42)
iid.

Xit, -, Xin, ~ f3(2)

Similar to the approach used in [28] to get the theoretical procedure in assessing the
asymptotic power at the local alternative. Since multiple approximations have been
used in this large sample test, we will not focus on the power. Instead, we present
the following numerical example to illustrate the implementation of the proposed
goodness-of-fit test.

Ezample Table 5.2 in [15] contains data concerning the degree of pneumoconiosis in
coalface workers as a function of exposure x measured in years. [15] analyzed this data
set by employing the proportional odds model and the continuation-ratio logit model.

2

Let X denote ”Period spent (years)” and Y represent ”prevalence of pneumoconiosis”
in which Y = 0, 1, and 2 stand for three categories: Normal, Mild pneumoconiosis, and
Severe pneumoconiosis. Since the sample data (X;,Y;),7 =1,---,371, can be thought
of as being drawn independently and identically from the joint distribution of (X, Y).

We fit model (41) to this data and obtain semiparametric empirical likelihood point
estimates &1, B1, @g, B2) = (2) = (—2.2628,0.0836, —3.1776,0.1093). The information
matrix x? statistic is 7.988 with 10 degrees of freedom. The corresponding observed
p-value is 0.37 indicating the goodness-of-fit for the model. This also agrees with the
result obtained by [28] via the Kolmogorov-Smirnov test. Since model (41) fits the data

appropriately, all empirical likelihood estimates of the parameters are statistically valid

for making inferences.
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7. Summary

In this paper, an information matrix goodness-of-fit test has been proposed for testing
the adequacy of the retrospective polychotomous logistic regression models. Since the
proposed test statistic has a y? distribution under the null hypothesis that the retro-
spective polyonymous logistic regression is correctly specified, the bootstrap procedure
is not needed to find the p-value in order to draw conclusions.

This procedure is, in fact, a nonparametric method. It is also a computationally
intensive method and involves the inversion of a high-dimensional matrix.

Finally, the method proposed in this paper can be applied directly to all semipara-

metric models with the general form specified in (11).

8. Appendix - Proofs of Theorems

Proof Theorem 2. (Information Matriz Equality). We still use the notation defined
n (22), (23) and (24). First of all, we calculate expectations of these second order

derivatives of the semiparametric log-likelihood. For u,v =1,2,--- ;I — 1,

16[(’)/0,90 u z] ev Xij) . 1 e (2)en(x T
PG T ) (2; 1+ S ei(x z>}2> = 15 ] Foeein)
(1)

if u # v. For u = v, we have

-1

1 821(")/0, 90) 1
E(ﬁ 02 >__1+p/ u;gv:—l z)dFi(@ @)

10%(90,600)\ _ 1~ eu(Td)g 1 e(T S e (Ts) gl (Ts)
E(n 07,007 )_ E{ ;1+Z n; {1+Zm L em(T)}2 }

1 I-1
=1, eu() <92($) - P(l‘)Gm(@Q&(ﬂC)) dFy(x), (3)

GT

1 82l(’)/(), 90 . T Zm em ) (TS)gm (TS)
and F <n80&0T) = ZZQ% Zj ; ! )

i=1 j=1 1+Zm 1em(s
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<Z Zm 1 em (T Z m= 1 em(T. m(T ) % an_11 em(Ts )gg;f(Ts>>

s=1 1+Zm 1€m 5 s=1 1+Zm 1€m( 5) 1+Zm lem( S)

1 I-1 0T

_ b ( sz em (@) g%, (2)g"" (z)— it em(@)gh, (@)1 [mey €m(@)gh, (x)]>sz(:c)
1+, m m .
(4)

m=1 " 1+Zm lem( )

From equations (1), (2), (3)and (4) we obtain
S1 S
E[Un(vo, 90)} _ - S (5)
ST s;
Next, we find the expectation of the squared score matrix. Observe that, for u =
1a27"' 71_17

8lij(7079)) . eu(ij)
e 14+ e (X))

— Llicnljizy)-

where I is the indicator function. Taking the product of the above derivatives, we

have

Olij(70,00) Olij(70,00)  eu(Xij)eo(Xij) eu(Xij) i< iz

2
0Vu e 1+Zm 1€m( l) 1+Zm lem( l)

ew(Xig) i< lji=u)
1+Zm lem( Z)

Note that if u # v, then Ij;cfIjj=y{[i=, = 0 and

+ i<l ji=o) L [i=u)-

n; ij I[Z<I]I[z u] 1 eu(x)ev(l‘) i
( ;;1+Zm 1em(X z)) 1+P/1+Zm 1€m( )dFI( )- (6)

After some algebra, we have

I-1 n,

Olii (0. o) Ois (0, 00)y _ 1 eu(@)e(2)
< ;; OV ja% >__1+p/1+zm e )dF[(x). (7)

If uw = v, then E(I[i<l}f[i:v]f[i u) [ eu(: x)dF(x), along with (6), we have

| azmo,e@]z): 1 /eu@)z;‘ﬂm#uemm

E(H[ O 1+p 1+ 500 e (@) dFi(). ®)
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Since

<3lz‘j (7.90) 9lij(.60) >T _ 9lij(7,90) 9Lij(,90)

oy 007 00 oy
We only need to calculate the expectation of the matrix on the the right side of the
above equation. The explicit expression of the the right-hand side of the above equation

is, foru=1,2,--- , I —1,

Olij(70,60) Olij(v0,00) eu(Xij) (S0 em(Xij) gl (X))

00 Ou 1+ 502 e X))

_ Zf{n_ll em(Xij)gr@n( ij)I[izu] eu(XZ])gf(X )
1+Zm 1em( Xij) ]‘+Zm 1em( Xij)

With the above expression we obtain

+ 0 (Xij) Ljj—u)-

L 0Lij(7.00) Olij (v.00)y _ 1 Si em(@)gh ()
E(H a0 : ZMO ) - 1+p/6u(x)(gfn(:c)— 1+12m o) )dFJ(a:). (9)

Finally, Notice that

ij gz Z])I[i<1]

Olij(7,0) lij(7,0) [0 enm(2) gl (Xi)I[E L em(@)gl (Xij)
00 o097 1 +Zm 1€m( )2 +Zgl

b et (Xi)le (X Ticn [T en(@)gs (Xi)lg? (Xi) Tuer

1+Zm 1€m( ) ]‘+Zm 1€m(CL')
Therefore,
E (E Jae iaer )
I-1 I-1 (/] I-1 0
9T Zm:l em( )gm( ) Zm 1 €m($)gm($)
1+p (Zf’” L+ e () i)

(10)
Combine the results in equations (7), (8), (9) and (10), we have

lel Sér SS

19



Combining Equations (5) and (11) we get E(Vn(¢) + Un(¢)> = 0 which proves the

theorem.

Proof Theorem 3. Assume that the polychotomous logistic regression model (11) holds
under case-control data. We have proved that ¢~5 = (:y,é) is the consistent empirical
likelihood estimate of ¢ = (7, 6). Let ¢pg = (é10, P20, - - , $q0) be the true value of the

vector of parameters ¢. Applying the weak law of large numbers, we have b = 9D, (¢ :

Xij)/0¢ + 0,(1). Using the first order Taylor expansion D(¢) at a neighborhood of

the true value of the parameter ¢y, we have

b 0D(¢o : Xij)

D(¢: Xij) = D(¢o : Xij) + 90 (¢ — o) + 0, (16 — dol|) (12)

where || — ¢o|| = O, (n"/2) (by Theorem 1). Hence

\%D@L&ﬂ:¢nOX%Z&ﬂ+;wAm#%?ﬁ>+%ﬂ) (13)

From Theorems 1 and 2, we can see that

10l(¢o = Xi5)

EOX%:&ﬂ+;w_ 5 ):EUX%:&ﬁH;w*E<mw“XW>:o

¢

and

10l(9o = Xi5)

1
var |:D(¢0 : XU) + ﬁbS_

] = var [D(¢o : Xi;)] + var Ebs_lw]

D¢ 9¢
+2E Do X)) | 221 K g (14
Let
1 = var [Dlen X, A =E[Dlen: X,p)] | 1% %)
Note that

1, 0l(¢o : Xij - .
mrnw4wgﬁfq:wuh¢—%ﬂ:msl—a+mmﬂ

Next we calculate the elements in W1 = (¢},,) where 1 <k, k' <s, k=v+ (u—1)g—
(u—1)u/2, k' = v'+ (' —1)g— (' —1)u'/2 and s = ¢(¢+1)/2. Note that, for i # ', X;;
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and X are jointly independent; X;; and X;; are identical and independent. Using

these facts, we have

i = var (Dk(do : Xij), Do (p0:x.,)) = E {

1
- _F
Tl2

i(iduv ¢o  Xij Zduv ¢o : ) Z (”Z wo (@0 Xij Zduv (o : )

i=1 \ j=1 1<ii'<I \ j=1

_ XI: (1 I—Olj p>2/dm’(¢0 L 2)dyro (G0 : x)dF(z)

+ Z plpz /duv((bo : .%')dGz(eT> /du’v’(¢0 : w)dFil (.%')

1<z7£z’<[
(15)

Similarly, we can calculate the elements in A = (7p,,) for 1 <k =v+ (u—1)qg—u(u—

1)/2 < sand 1 <w < q as follows

i=1 j=1 i=1j=1

I n;

(X:dw(%’X”)EW)JF 2 (X:%A%:&ﬂiW)]

j=1 j=1 1<i#ir<I \ j=1 j=1

:Z<1—|—p> /duv o : ) g;wx)dFi(fﬂ)

1<i£i'<I 8¢w 16)
16

Therefore,
3 = var D(¢0:Xij)+ibslal(¢gééx )] = U +b[S7 — (14+p)Q+2AS7 1T (17)
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Since 9l(wv, Bo)/0¢ is a multivariate normal random variable, using multivariate cen-

tral limit theorem and Slutsky’s theorem, we have

8l<¢0 : X

VnD($: Xij) =v/n D(¢o)+%b5‘1 5 i) +oy(1) = No(0,%).  (18)

As a consequence, if X1 exists,
nDT($)E7'D() =4 X2

which completes the proof of theorem 3.
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