Topic 4. Normal Distribution

Cheng Peng

Contents

1 Introduction 1

2 Standard Normal Distribution 1
2.1 Finding Probabilities . . . . . . . . . L 2
2.2 Finding Percentiles . . . . . . . .. L 5

3 General Normal Distribution 9
3.1 Finding Probabilities . . . . . . . . . L e 10
3.2 Finding Percentiles . . . . . . . . .o 10

4 Use of Technology 13
4.1 Example 1 - Standard normal distribution . . . . . .. ... 0000 13
4.2 Example 2 - General normal distribution . . . . . . ... L. oL 0L o 15

1 Introduction

The standard normal distribution is the most frequently used distribution in this course. We will introduce
the general normal distributions and focus on two basic questions: Finding probabilities and percentiles using
the standard normal table.

2 Standard Normal Distribution

The standard normal distribution, Z, has a mean of ¢ = 0 and a standard deviation of 0 = 1. Its probability
density curve is
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Two basic types of questions need to be answered for any distribution including the standard normal
distribution:

1. Finding probability of events such as P(Z < a), P(Z > ¢), P(a < Z < b), etc.
2. Finding percentiles. For example, finding 2o for given P(Z < z5) = 0.90.

We have discussed how to find probabilities from the uniform distribution in topic #3 whose density curve is
a rectangle. The probabilities of events defined based on uniform distributions are the areas of rectangles
using the area formula of a rectangle. We still need to find the probability of events defined based on the
standard normal distribution like P(—0.86 < Z < 0) which is still the area of the following shaded region (as
outlined in the previous note for any general distribution).

2.1 Finding Probabilities

Unlike uniform distributions whose density curves are rectangles, we can use the formula to calculate the
areas of rectangles. In a standard normal distribution, there is no formula to calculate the area of the
shaded irregular region in the above figure. Watch the following YouTube to understand the structure of the



cumulative normal probability table and examples for finding probabilities for given values (Z-values)

We will use a standard normal distribution table to find the area of the left-hand side tail regions shown
below (part of the table).

Negative z Positive z

Area Area

z 0.00 o 0.02 002 0.04 005 0.06 007 0.08 009 z 0.00 o 0.02 003 0.04 005 0.06 o7 0.08 008
= 3 e - - 00 05000 05040 0.5080 05120 05160 05199 05239 05279 05319 05358
04 05398 05438 05478 05517 0.5557 05596 | 0.5636 05675  0.5714 0.5753

-25  0.0062 00060 00058 00057 0.0055 00054 00052 00051  0.0049 0.0048 02 05793 05832 05871 05910 0.5%48 05987 | 0.6026 0.6064 0.6103 06141
24 0.0082 00080 0.0078 00075 0.0073 00071 00069 00068 00066 00064 03 06179 06217 06255 06293 0.63M 06368 | 0.6406 06443 06480 06517
23 00107 00104 00102 00099 00096 00034 0.0091 00089 ' 0.0087 00084 04 06554 06591 066286 06664 06700 06736 0.6772 0.6808 | 0.6844 06879
<22 00139 00136 00432 00129 0.0125 00122 00119 00116 0.0113 0.0110 05 06915 06950 06985 07019 07054 07088 0.7123 07157 | 0.7190 07224
21 0073 00174 070 00166 0.0162 00158 0.0154 00150 0.0146 0.0143 06 07257 07291 0.7324 07357 0.7389 07422 0.7454 07486 0.797 0.7548
20 00228 00222 0017 00212 00207 00202 00197 00192 00188 00183 07 07580 07611 0764z 07673 07704 07734 07764 07794 07823 0.7852
49 00287 00281 00274 00268 00262 0025% 00250 00244 | 00239 00233 08 07881 07910 07930 07967 0.7%95 08023 | 0.8051 0.6078 | 0.8106 0.6433
-8 0035 00351 00344 00336 00329 00322 00314 00307 00301 00254 09 08150 08186 08212 08238 08264 08289 06315 08340  0.8365 08380
A7 00446 00436 0.0427 00418 00400 00401 00302 00384 00375 00367 10 08413 08436 08451 08485 08508 08531 | 08554 08577 | 0.8599 08621
16 00548 00537 00526 00516 00505 00495 0.0485 0.0475 0,0465 00455 14 08643 08665 0.8686 08708 08729 08743 0E770 0.8730 0.8810 0.6830
45 00668 00655 00643 00630 00618 00806 00534 00582 0051 00559 12 00849 08869 0.8888 08907 0.8925 08944 | 0.6962 0.8980 0.8997 0.9015
44 00808 00793 00778 00764 00745 00735 0.0721 00708 0.0694 0.0681 13 09032 09049 09066 09062 09099 09115 | 0.9131 09147 09162 09177
13 0.0968 00951 00934 00818 00901 00885 0.0869 00853 0.0838 0.0823 14 09192 09207 09222 09236 09251 08265 09279 09292 09306 09348
<12 01151 04131 01112 01093 04075 01056 | 0.1038 | 0.1020 0.1003  0.0985 15 09332 09345 0.9357 09370 09382 09394 05406 09418 0.9420 | 0.9441
A4 04357 04335 0134 01282 04271 | 04251 04230 | 04210 01130 01170 16 09452 09463  0.9474 09484 09495 (9505 | 0.9515 09525 09535 09545
A0 04587 04562 01539 04545 04492 | 04469 01446 0.4423 04401 04379 17 09554 09564 09573 09582 | 0.9591 09599 | 0.9608 09616 | 0.9625 09633
08 09841 01814 04788 04782 | 04736 04741 D1GR5 | 01660 | 01635 | 01611 A0 NOAIS NORAG | NOERE | NGERA  NGRTH | NGRTE | NOROA  AORST | NORSG | AOTAR

Before doing examples, we point out the basic facts of the standard normal distribution.
1. The density curve is symmetric concerning the vertical axis.

2. The area between the curve and the horizontal axis is equal to 1. This means that the areas of the left
and right regions are equal to 0.5.

Next, we use several examples to illustrate how to use the standard normal table to find the areas of different
regions defined based on the standard normal distribution.

Example 1. Find the probabilities indicated, where as always Z denotes a standard normal random variable.
1). P(Z < - 1.48).
2). P(Z < 0.25).

Solution. First of all, we only keep two decimal places for the z value (also called z-score). When using the
table, we first locate the integral part and the first decimal place of the z score in the first column and the
second decimal place in the top row. The left tail area is on the interaction of the aforementioned row and
column. This is explained in the following figure.

Negative z Positive z
Area Area

z 000 001 002 003 004 | 005 006 | 007 | 0DOB 003 z 000 001 002 | 003 004 | 005 | 006 | 007 | 008 003
00 05000 05040 0.5080 05120 0.5160 05§99 0.5239 05279 0.5M9 05359
g : : ) . 04 05398 05438 05478 05517 05557 0. 0.5636 05675 | 05714 0.5753
25 00062 00060 00059 00057 00055 00054 0.0052 00051 00049 0.0049 02 0579305832 05874 05940 0504 05026 06064 06103 0.6141
24 00082 00080 0.0078 00075 00073 00071 0.0069 | 0.0068 | 0.0066 0.0064 03 06179 06217 06255 06293 06331 O 06406 06443 06480 06517
23 00107 00104 00102 00099 00096 00034 00031 00089 0.0YB7 00084 04 06554 06591 06628 06664 06700 05736 06772 06803 06844 0.6879
22 00139 00136 00132 00129 00125 00122 00119 00116 00{13 00110 05 06915 06950 06985 07019 07054 07088 07123 07157 07190 0.7224
21 00179 00174 0.0170 00166 00162 00156 0.0154 00150 0.0{46 0.0143 06 07257 07201 07324 07357 07389 07422 | 0.7454 0.7485 07517 07549
20 00228 00222 00217 00212 00207 00202 0.0197 00192 00188 00183 07 07580 07611 07642 07673 07704 07734 07764 07794 0.7823 0.7852
-18 00287 00281 00274 00268 0.0262 0025 0.0250 00244 | 0.0339 00233 08 07881 07910 07939 07967 0.7995 | 0.8023 | 0.8051 0.8078 | 0.8106 0.8133
A8 00359 00351 00344 00336 00329 00322 00314 00307 00301 0.0204 09 08159 08166 08212 08238 08264 08263 DE35 08340 0BIE5 0839
A7 00446 00436 00427 00418 00409 00401 00392 00384 00§75 0.0367 10 08413 08438 08461 08485 08508 08531 | 0.B554 08577 085399 08621
A6 00548 00537 00526 00516 0.0505 00495 0.0485 00475 0.0465 0.0455 11 08643 09665 08686 03708 06729 08749 08770 08790 08810 08830
0.0559 12 08849 08969 08886 08907 0.8925 0.6944 0.8962 0.8980 0.8997 0.9015
- D.06E1 13 09032 09049 0.9066 09062 09039 09115 0.9131 09147 09162 09177
; 0.0869 | 0. T 0.0823 1409192 09207 09222 0923 09251 09265 0.9279 09292 09306 09319
-12 04151 04131 04112 01093 ' 04075 01056 01038 ' 0.020 | 0.1003  0.0985 15 09332 09345 09357 09370 0.9382 | 0.9394 | 0.9406 0.9413 0.9429 09441
A4 04357 04335 0AM4 04292 04271 04251 04230 | 04240 | 0.4190 04170 16 09452 09463 09474 09484 | 09495 09505 09515 09525 09535 09545
A0 04587 01562 0.1539 01515 01492 | 01469 01446 0.1423 | 0.1401 01379 17 09554 09564 0.9573 09562 | 0.9531 | 0.9599 | 0.9608 0.9616 | 0.9625 0.9633
08 01841 01814 017BR 01762 | 04736 04711 01RS | 01660 | 0.1835 01611 1% NGRAT NGEAG | NORRR | NGRRA | NGR7A | MGRTE | N GRAR | 0GKAT |0 ORGA | NGTNR

1) P(Z<-1.48)=0.0694 2) P(Z<0.25)=0.5987

Example 2. Find the probabilities indicated, where as always Z denotes a standard normal random variable.



1). P(Z > - 1.96).
2). P(Z > 0.75).

Solution: The probabilities to be found represent the areas of right tail regions. We can use the table to
find the area of the left tail region and then subtract it from 1 to get the desired probability. The following
figure illustrates the idea to get the “right-tail” probabilities.

Negative z Positive z
Area Area
Plz>-1.95) P(Z>0.75)
—

z 000 001 002 003 004 005 007 008 009 z 000 001 002 003 004 | 005 006 007 | 008 009
- - . - - B - 00 05000 0.5040 05080 05120 05160 05199 05239 05279 05319 05359
e : i 04 05398 05438 05478 05517 0.5557 05 0.5636 0.5675 0.5714 0.5753
0.0051 | 0.0049 0.0048 02 05793 05832 05871 05910 05548 05p87 06026 06064 06103 06441
0.0068 | 0.0066 0.0064 03 06179 06217 06255 06293 0631 0§ 05406 0.6443 06480 06517
0.0089 ' 00087 0.0084 04 06554 06591 06628 | 06664 06700 0636 06772 06808 06844 06879
00116 00113 0.0110 05 06915 06950 06985 07019 07054 0 07123 07157 07190 07224
0.0150  0.0146 0.0143 06 07257 07 07357 0.7389 _G& 07454 0.7488 07517 0.7548
0.0132 | 0.0188 0.0183 0.7 57580—% £ £ 0.7764 07794 0.7823 0.7852

-25 00062 0.0060 00059 00057 0.0055 00054
-24 00082 0.0080 0.0078 00075 0.0073 00071
23 00107 00104 00402 00093 00096 00034
22 0039 00136 0.0132 00129 0.0M25 0.0122
240U 0MTd 00470 00166 0.M62 00158
20 00228 00222 00217 00212 0.0207 00202

19 4281 04281 CIZM Q6L LIS2 002 00244 | 00239 00233 08 07881 07310 07939 07967 | 0.7995 “ee¥ 08051 08078 06106 08133
A8 0035 00351 00M4 0033 00329 0032 08307 00301 00284 09 08159 08186 08212 08238 06254 08269 08315 08340 08365 08389
217 00446 00436 00427 00418 00409 00401 00392 00384 00375 00367 10 08413 08438 08461 08485 08508 08531 08554 08577 | 08599 08621
A6 008 00537 00526 00515 00505 0.0495 00485 0.0475 00485 0.0455 11 09643 08665 09586 08703 08723 08743 08770 0.8790 08B0 08830
-5 00668 0.0655 00643 00630 00618 00606 00534 0.0582 00571 0055 12 08849 08869 08888 08907 08925 08944 06962 0.6980 08997 09015
A4 00808 00793 00778 00764 00749 00735 00721 00708 00694 00681 13 09032 09049 09066 0082 09099 09115 09131 09147 09162 09477
43 00968 00951 00934 00918 00901 00885 00869 | 0.0853 00838 00823 14 09192 03207 09222 0323 09251 09265 05279 09292 09306 09319
-12 01151 01131 0.1112 01093 01075 01056 0.1038 ' 0.1020 0.1003 0.0985 15 09332 09345 09357 09370 09382 09394 05406 09418 09429 09441
A1 0A357 04335 04314 04292 01271 04251 01230 04210 | 04190 04170 16 09452 08463 09474 03484 | 09495 0.9505 09515 0.9525 09535 0.9545
A0 0587 04562 01539 01515 0452 00463 | 01446 0.0423 04401 013719 17 09554 09564 09573 08582 | 09591 0.9599 09608 0.9616 09625 0.9633
08 (01841 01844 01788 04762 04736 04711 046R5 | 01660 | 01635 01641 4% NARAY NORAG | NGERE  NQRRA NORTY | NGRTA NORRE  NOGROY | AGRGG N GTAE
1) P(Z>-1.96)=1-0.025 =0.975 2) P(Z>0.75)=1-0.7734 =0.2266

Example 3. Find the probabilities indicated, where as always Z denotes a standard normal random variable.
1). P(-1.96 < Z < 0.75).

Solution: The general idea is to find the two left tail areas and then take the difference to get the area of
the region defined by the two z-scores as shown in the following figure.
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Area to the left of z, Area o the left of z,

For 1), the probability is found in the following figure.

Summary of Finding Probabilities



(a) Area to the left
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from the table.
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| Area to the left of 2, Area to the left of z, |

The following YouTube video shows a few more examples using the same table that was used in the above
examples.

2.2 Finding Percentiles

We have introduced how to find a percentile from a given data set. We basically do the same thing for the
standard normal distribution.

Recall that the g-the percentile is the cut-off value such that 100q% data values are less than or equal to the
cut-off value (g-th percentile). This means, we find a percentile, and the left tail area is always given. The
general formulation of the problem is to find the cut-off k that satisfies

P(Z < k) = 0.90,

for a given ¢ (such as 90%, etc). This is depicted in the following figure.



Shaded area
represents probability

P(Z < k)=0.90

0 k

The process of finding a percentile is the opposite of the process of finding probability. If the given left tail
probability itself is in the main body of the table, we then locate the row and the column to find the z-score
(i.e., the percentile).

In general, the given left tail probability is not in the table but is closest to two values in the main boy of the
table. Each of the two closed table values corresponds to a z-score. The average of the two z-scores is defined
to be the desired percentile.

Example 4. Find 90th percentile of the standard normal distribution.

Solution: We go to the normal table and find two values in the main body of the table that is closest to 0.9
(see the figure below).



Positive z

Area

z 000 001 002 003 004 005 006 007
00 05000 05040 05080 05120 05160 05199 05239 0.5279
01 05398 05438 05478 05517 0.5557 0.5596 | 0.5636 0.5675
02 05793 05832 05871 05910 05948 05987  0.6026 0.6064
03 06179 06217 06255 06293 06331 06368 06406 0.6443
04 06554 06591 06628 06664 06700 06736 06772 06808
05 06915 06950 06985 07019 0.7054 07088 07123 0.7157
06 07257 07291 07324 07357 07389 0.7422 0.7454 0.7486
0.7 07580 07611 07642 07673 07704 0.7734 0.7764 0.7794
08 07881 07910 0.7939 0.7967 0.7995 0.8023 0.8051 08078
09 08159 08186 08212 08238 0.8264 08289 08315 0.8340
10 08413 08438 08461 028485 08508 08531 0.8554 0.8577
11 08643 08665 08686 08708 08729 08749 08770 0.8790

13 08032 09049 0.9082 0.90%9 09115 | 0.9131 0.9147
14 09192 09207 09222 09236 09251 09265 09279 0.9292
1.5 09332 09345 09357 0.9370 0.9382 | 0.9394 ' 0.9406 0.9418
16 09452 09463 09474 09484 09495 09505  0.9515 09525

17 09554 09564 09573 09582 09591 09599  0.9608 0.9616 0.9625 0t9633
€2 NORAY NORAQ NORRE  MNORRA  NORT4  NOR7R  NORAR NORGZ | NOROG N O7NR

90t percentile = Poo = (1.28 +1.29) /2 = 1.285

Remark: As an alternative, if the given left-tail probability is not in the main body of the table, you can
also simply use the closest value to find the corresponding z-score as illustrated in the follwing YouTube
video.

Example 5. The Precision Scientific Instrument Company manufactures thermometers that are
supposed to give readings of 0°C' at the freezing point of water. Tests on a large sample of these instruments
reveal that the freezing point of water is around zero (some thermometers give positive degrees, some
thermometers give negative degrees), Assume that the mean reading is 0°C' and the standard deviation of
the readings is 1.00°C'. Assume further that the readings are normally distributed.

1. Find the probability that, at the freezing point of water, the reading is between 0°C' and 1.58°C'.
2. Find the probability that the reading is between “2.43°C' and 0°C.
3. Find the probability that the reading is between 0.5°C and 2.5°C.
4. Find the probability that the reading is between “1°C and “2.5°C.



5. Find the probability that the reading is between “1.5°C and 1°C.
6. Find the probability that the reading is exactly 0°C.

7. Find the temperature z corresponding to Pys, the 95th percentile (95% of the readings less than z and
5% of the readings are greater than z).

8. Fin the 10th percentile.

Solution: Based on the given information, the thermometer readings follow the standard normal distribution.
The standard normal distribution table will be used to answer the above questions. We only do questions 5
(finding probability) and 7 (finding percentile) to work and leave the rest of the questions to you to practice.

5). P(-1.5 < Z < 0) = P(Z < 0) - P(Z < -1.5) = 0.5 - P(Z < -1.5) = 0.5 - 0.0668 = 0.4332

Negative z

Area

z 0.00 0.01 bo2 003 004 O0O5 006 O00O7 OO0B 009

25 00962 00060 0.0059 00057 00055 0.0054 0.0052 00051 0.0049 0.0048
24 00082 00080 0.0078 00075 00073 00071 0.0069 00068 0.0066 0.0064
23 00107 00104 00102 00099 0009 00094 000391 00089 00087 0.0084
-22 00139 00136 00132 00129 00125 00122 00119 00116 0.0113 0.0110
21 00979 00474 00170 00166 0.0162 00158 0.0154 00150 0.0146 0.0143
20 00328 00222 00217 00212 0.0207 0.0202 0.0197 00192 0.0188 0.0183
19 00287 00281 00274 00268 00262 0.0256 00250 00244 00239 0.0233
-18 00359 00351 00344 00336 00329 00322 00314 00307 0.0301 0.0294
A7 00446 00436 00427 00418 00409 00401 00392 00384 00375 00367
16 00948 00537 00526 00516 00505 00495 00485 00475 0.0465 0.0455
A, (L0668 00655 0.0643 00630 00618 00606 00594 00562 0.05711 0.0559
-14 00808 00793 00778 00764 00749 00735 00721 00708 0.0694 0.0681
13 00968 00951 00934 00918 0.0901 00885 00863 00853 0.0838 0.0823
12 04151 04131 04112 01093 01075 0.1056 0.1038 01020 0.1003  0.0985
A1 04357 04335 04314 01292 04271 ' 04251 01230 | 0.1210 | 0.1190 | 0.1170
-1.0 04587 04562 04539 01515 01492 01469 01446 01423 0.1401 0.1379
09 01841 01814 ' 04788 01762 | 01736 ' 04741 ' 01685 ' 01660 | 0.1635 ' 01611

7). We want to find Pys, or equivalently, to find k from P(Z < k) = 0.95. We can see from the normal table
that 0.9495 and 0.9505 are the two values that are closest to 0.95. The two corresponding z-scores are 1.64
and 1.65. By the convention, the 95th percentile is the average of the two z-scores (see the figure below).
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Area

001 002 003 004
0.5040 05080 0.5120 0.5
05438 05478 0.5517 05557
05832 05871 05910 0.
06217 0625 06293 063
06591 06628 0.6664 06400
06950 06985 07019 07054
07291 07324 07357 0.7389
07611 07642 0.7673 0.7f04
0.7910 0.7939 0.7967 0.7935
08186 08212 08238 0.8p64
08438 08461 08485 08
0.8665 08686 08708 08729
08869 08888 0.8907 0.8p25
09049 09066 09082 0.
09207 09222 09236 0.9251

09332 09345 09357 09370 0.9382

09554 09564 09573 0.9582 09591
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0.6026
D.6406
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0.07
0.5279
0.5675
0.6064
0.6443
0.6808
0.7157
0.7486
0.7794
0.8078
0.8340
0.8577
0.8730
0.8980
0.9147
0.9292
0.9418
0.9525

0.9616
noRaa

0.08
0.5319
0.5714
0.6103
0.6480
0.6844
0.7190
0.7517
0.7823
0.8106
0.8365
0.8599
0.8810
0.8997
0.9162
0.9306
0.9429
0.9535

0.9625
nokoa

95t percentile = Pos = (1.64 +1.65) / 2 = 1.645

3 General Normal Distribution

In practice, we rarely have a standard normal distribution. Many real-world problems are associated with
general normal distribution. We still need to answer the two basic types of questions: finding probabilities
and percentile. The following figure illustrates the two types of questions based on the normal distribution

with a mean of 500 (1 = 500) and a standard deviation of 100 (o = 100)

The question is whether we cannot use the standard normal distribution table to answer the above two types
of questions associated with general normal distribution.

We can use z-score transformation to transform general normal distributions to the standard normal
distribution to use the table and then transform back the original general normal distribution. The following

figure outlines the above idea.
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0.5359
0.5753
06141
0.6517
0.6879
07224
0.7549
0.7852
08133
08389
0.8621
0.8830
0.9015
09177
0.9319
0.9441
0.9545

0.9633
no7hR



These areas
are equal

3.1 Finding Probabilities
We use the following example to show the steps for finding the left-tail probabilities.
Example 6. Consider the general normal distribution N(500,100). Find P(X < 600) =?

Solution. The following figure shows the z-score transformation to obtain the answer.

3.2 Finding Percentiles

We continue to use the previous normal distribution as an example to show how to find a percentile of the
general normal distribution.

Example 7. Consider the general normal distribution N (500, 100). Find the 15th percentile.

Solution: We are given that the left tail area is 0.15. After z-score transformation, the left tail area of the
standard normal density curve is also 0.15 (see the following figure). We can find Z; from P(Z < Z;) = 0.15
using the standard normal table which is Zy ~ —1.04.

Using the relationship between Zj and K in the z-score transformation (see the above figure). We have

K — 500

—1.04 =
100

Solve for K, we have K = 500 — 1.04 x 100 = 396.

The following YouTube summarizes the two basic types of questions related to normal distribution.

Example 8. Tomkins Associates reports that the mean clear height for a Class A warehouse in the United
States is 22 feet. Suppose clear heights are normally distributed and that the standard deviation is 4 feet. A
Class A warehouse in the United States is randomly selected

a). What is the probability that the clear height is greater than 17 feet?

b). What is the probability that the clear height is less than 13 feet?

¢). What is the probability that the clear height is between 25 and 31 feet?

d). Find the clear height such that 10% of all clear heights are less than it.

Solution The following figures outline the process of finding the answers to each of the questions.

a). P(X > 17) = P(Z > -5/4) = 1 - P(Z < -5/4) = 0.8944.
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Normal Densjty Curve N [ 1 G] Standard Normal Deﬂsit‘y Curve
N[22.4) Vimk

Z-score Transformation: Z,=——
[

Step 1
I =[17-22]/4=-125

giveninfo.
1= 17

b). P(X < 13) = P(Z < 9/4) = 0.012.

Normal Density Curve N[ 11, ] Standard Normal Density Curve
N[22 4] Vimi

Z-score Transformation: Zj=——
[\

Step 1:
I2=[13-221/4=-225

given info
¥2=13

¢). P(25 < X 31) = P(3/4 < Z < 9/4) = P(Z < 9/4) - P(Z < 3/4) = 0.9878 - 0.9734 = 0.2144.

Normal Density Curve N[ 11, 6] Standard Normal Density Curve

Y-l
N[22,4] Z-score Transformation: Z,=‘—
]

Step 1:
I1=[25-22144=075

Step 1:
I2=[31-22174=2325

given infa
¥1=25

given info.
¥2=3

d). Since P(Z < Zo) =0.10, we have Zo = - 1.28 (from the normal table). The desired clear height (10th
percentile) is X =22 — 1.28 x 4 = 16.88 feet.

Normal Density Curve N[ 1, 6] Standard Normal Density Curve
N[22.4]

Step 2:

P[Z<Z0]=041
yields Z0= -1.282

Given: P[ Y < Yo]= 01 Question: Yo = ?

Step 3 [Answer]: Yo= 22 +(-1.282)4=16.872. Step 1: PlZ<Z0]=041
Backward Z-score Transformation: Yy = p+z,0
[ ! T T T I 1 [ I I I 1

5 10 15 20 25 30 35 -4 -2 0 2 4

Example 9. In redesigning jet ejection seats to better accommodate women as pilots, it is found that women’s
weights are normally distributed with a mean of 143 Ib and a standard deviation of 29 1b.

a). If a woman is randomly selected, what is the probability that she weighs between 163 1b and 201 1b?

b). If the current ejection seat for men weighs between 130 1b and 211 b, what percentage of women have
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weights that are within those limits?

¢). If a woman is randomly selected, what is the probability that she weighs less than 125 1b?

d). If a woman is randomly selected, what is the probability that she weighs exactly 143 1b?

e). If a woman is randomly selected, what is the probability that she weighs between 90 1b and 130 1b?
f). Find the 10th percentile P10, that is, the weight separating the bottom 10% from the top 90%.

Solution The following are brief solutions with graphical explanations.

a). P(163 < X < 201) = P(0.69 < Z < 2) = P(Z < 2) - P(Z < 0.69) = 0.9772 - 0.7549 = 0.2223.

Normal Density Curve N[ 1, 6]
N[143,29]

Standard Normal Density Curve

. Yi-p
Z-score Transformation: Z,=——
G

Step 1: Step 1:
I1=[163-143]/29=069 I2=[201-143]/28=2
given info. given info.
Y1 =<LEL3 Y2=201

Step 3 [Answer]: P[163 <Y <201 ]= 02225

Step 2 P[069<Z=2]= 02223

[ I T T 1
50 100 150 200 250 -4

b). P(130 < X < 211) = P(-0.45 < Z < 2.35) = P(Z < 2.35) - P(Z < -0.45) = 0.9906 - 0.3264 = 0.6642.

Normal Density Curve N[ 1y, 6]
N[143,29]

Standard Normal Density Curve
: Y-k
Z-score Transformation: Z,=——
[
Step 1:

Step 1:
71=[130-143]/29 = -0.445

I2=[211-143]/29=2345
given info. given info
Y1 = ‘1-39__ Y2=211

A“\""‘-. L >
Step 3 [Answer]: P[130<Y <211 ]= 06635

Step2 P[-0.448<Z <2345 )= 0.6634
[ I I I 1 [ I I
50 100 150 200 250

¢). P(X < 125) = P(Z < -0.62) = 0.2676.

Normal Density Curve N[ 1, ] Standard Normal Density Curve
N[143,29)

i M=
Z-score Transformation: l| F—
o

Step 1:
I2=[125-143]/29=-0621
given info

¥2=125

-

Step 3 [Answer] P[ ¥ < 125)= 0.2674

Step2 PlZ< -0621]= 02673

d). P(x=143) = 0.

e). P(90 < X < 130) = P(-1.83 < Z < -0.45) = P(Z < -0.45) - P(Z < -1.83) = 0.3264 - 0.0336 = 0.2928.
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Standard Normal Density Curve

V-
N[143,29] Z-score Transformation. Z,= o
[

Normal Density Curve N[ 1, ¢ ]

Step 1

Step 1: ep 1:
I2=[130-143]/29=-0448

I1=[90-143)/29=-12828

given info.
¥2=130
—

given info.
¥1=90

Step 3 [Answer]. P[90 <Y <130]= 02932 Step2 P[4 ,828. =Z=-04458]= 02933

[ ! I I 1 I T T T 1
50 100 150 200 250 -4 -2 0 2 4

f). P(z < z9) = 0.1, so we get zp = -1.285. The Pyg is calculated by z = 143 — 1.285 x 29 = 105.73.

Normal Density Curve N[ 1, 5] Standard Normal Density Curve
N[143,29]
Step 2:
P[Z=<Z0]=01
yields Z0= -1.282

Giver: P[Y <Yo]= 01 Question: Yo = ?

"

Step 3 [Answer] “Yo= 143 +(-1.282)29=105.822. Step 1P (Z<z0]=04
Backward Z-score Transformation: Yy = p+z,0
[ T T T 1 I I I T ]

50 100 150 200 250 -4 -2 0 2 4

4 Use of Technology

ISLA has two apps to solve stabdard normal and general normal distribution problems.

o The interactive standard normal table can be found at: https://wcupeng.shinyapps.io/ZTable/
o Apps for solving general normal distribution problems can be found at https://chengpeng.shinyapps.io
/normal2Question/.

4.1 Example 1 - Standard normal distribution
We still use the Thermometer example with the following two questions.

(1) Randomly select a thermometer, what is the probability the reading of this thermometer in the ice
water is bigger than 0.57

13
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ISLA: Two TYPES oF QUESTIONS OF NORMAL DISTRIBUTIONS

1. What to Find?
© Probability [Pl]) General Normal Distribution N{u ¢ Standard Normal Distribution

@ Percentile (XD) Given Information
' Vo= 0.5
z =5
2. Which Probability? e
® Vi < X < Vj] =7
@ P[X > V] =1 Vs z
Given Value: V; Question: P(X = 0.5) =?
05 Solution: The answer is given in the following steps.
Step 1. Recall Z-score Transformation
3. Input Information
X-0
Population Mean: p Z = 1
Step 2. Z-scores for V' = 0 5 is given by
Population Standard Deviation: o %= 05-0 —05
1 5.

Step 3. The left-tail Probability based on the above z-score is
P(Z < 0.5) = 0.6915.
Step 4. Note that
P(Z > Z,)=1-P(Z <0.5) =1-0.6915 = 0.3085.
Step 5. Therefore,
P(X > 0.5) = 0.3085.

(2) what is the cut-off reading that 75% of the readings of this type of thermometers in the ice water are
higher than this cut-off?
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Two TYPES OF QUESTIONS OF NORMAL DISTRIBUTIONS

1. What to Find?
@ Probability (Py) General Normal Distribution N(u & Standard Normal Distribution

@ Percentile (X;) G'Vi’a‘z:Dgf‘;gt'°"
iy
2. X, in Which Probability? T o
® P[X,
® Pl X Z,
@ PX:
® PIX < Xo] =Py Question: Given P(X > X;) = 0.75, what is X;?
Given Probability: Py
Solution: The answer is given in the following steps.
0.75
Step 1. Recall Z-score Transformation
X-0
3. Input Information Z= f
Population Mean: p o
Step 2. The Z-score corresponding to X is given by
Xo—0
h=—"7—

Population Standard Deviation: o

Note that

P(Z > Zy) = 0.75 or equivalently P(Z < Zy) = 0.25,

which gives, Zy = —0.67.

Step 3 By the definition of the Z-score of Xy, we have
Xo—0
1
Step 4. Therefore, Xy = 0+ (—0.67) x 1 = —0.67.

= Zy = —0.67.
Report bugs to C.

4.2 Example 2 - General normal distribution

Blood Pressure The distribution of diastolic blood pressure for men is normally distributed with a mean of
about 80 and a standard deviation of 8.

(1) Randomly select a man from the population, what is the probability that his diastolic blood pressure is
higher than 90.
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ISLA: Two TYPES OoF QUESTIONS OF NORMAL DISTRIBUTIONS

1. What to Find?
© Probability [PO) General Normal Distribution N{u ¢ Standard Normal Distribution

(e
[}

@ Percentile (XD) Given Information
Zo

2. Which Probability? 3
® PV,
© P[X > V] =7 Vo Z,
® PIX
Given Value: Vg Question: P(X > 90) =7

Solution: The answer is given in the following steps.

Step 1. Recall Z-score Transformation
3. Input Information

X -—80

Population Mean: Z = 8

Step 2. Z-scores for V = 80 is given by
Population Standard Deviation: o T = 90 — 80 _ 195

Step 3. The left-tail Probability based on the above z-score is
P(Z < 1.25) = 0.8944.
Step 4. Note that

P(Z>Z)=1-P(Z <1.25) =1 — 0.8944 = 0.1056.

.
Stats

Step 5. Therefore,
Report bugs to C. P(X > 90) = 0.1056.

(2) What is the cut-off diastolic blood pressure that 90% diastolic blood pressures are higher than it?
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ISLA: Two TyPeEs oF QUESTIONS OF NORMAL DISTRIBUTIONS

1. What to Find?

(i)
@ Probability (Pn) General Normal Distribution N{y d standard Normal Distribution -~
© Percentile (X;) G"’ESO‘";DBT;“‘)”
V4 Ely
2. X, in Which Probability? "6
X Zy
Question: Given P(X > X,) = 0.9, whatis X?
Given Probability: P
Solution: The answer is given in the following steps.
Step 1. Recall Z-score Transformation
X —80
3. Input Information Z = A
Population Mean: p
Step 2. The Z-score corresponding to X is given by
Xo—80
Ty =20
Population Standard Deviation: o 8

Note that

P(Z > Zy) = 0.9 or equivalently P(Z < Z) = 0.1,

which gives, Zy = —1.28.

Step 3. By the definition of the Z-score of X, we have

Xog—80 _
Report bugs to G 8 -
Step 4. Therefore, Xy = 80 + (—1.28) x 8 = 69.76.

Zo = —1.28.
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