Topic 11. Two-sample Tests
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1 Introduction

In practice, we may want to compare some characteristics of two populations. Two-sample tests are used for
this purpose. In the previous topic, we introduced a special two-sample test - paired t-test in which the two
populations are defined based on the same group of subjects, but measurements are taken under different
conditions. In this note, we discuss two independent samples that are taken from two independent populations.
For example, we want to know whether the percentages of STEM majors at WCU and Bloomsburg University
are different. We take a random sample for WCU and one from Bloomsburg. There is no way to pair
observations from WCU with those from Bloomsburg.

In practice, we often compare characteristics between two populations using two-sample tests. Previously, we
discussed the paired t-test - a special two-sample test, where measurements are taken from the same group of
subjects under different conditions.

In this note, we focus on independent samples drawn from two distinct populations. For example, suppose
we want to determine whether the start salaries of STEM majors differ between WCU and Bloomsburg
University. We collect separate random samples from each university—since there is no natural pairing
between observations from WCU and Bloomsburg, an independent two-sample test is appropriate.
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The objective of this topic is to test various hypotheses about the difference between the two population
means based on both large sample and small sample scenarios.

2 Testing Two Populations Means: Large Samples

The general 6-step procedure will be used in the two-sample test. Before we use examples to illustrate the
steps, we need to know how to define the test statistic and what is the sampling distribution of the test
statistic.

2.1 Setting Up

The problem is called two-large-sample test for two population means. The key assumption of this test is:
o both sample sizes are large (i.e., n; > 30 AND ny > 30).

OR
e Both population are normal AND both population variances are known.

Under any one of the above assumptions, the Test Statistic and Its Sampling Distribution can be
determined based on the following reasoning process.

The claimed the difference iy — po can be estimated by Z; — Zo. In order to define the test statistic, we need
2 2

the variance of #; — Zp which has form 71 4 2. In practice, population variances o2 and o3 are estimated

by their corresponding sample variances s? and s3, respectively.

The test statistic for testing u1 — p2 = 0 can be defined to be of the following form

75 = _0—>N(0,1)

2.2 Steps for Testing Two Means

The 6-step procedure for testing the difference between two population means. The next example shows the
detailed steps for the two-sample test based on large samples.



Example 1. The American Automobile Association claims that the average daily cost for meals and lodging
for vacationing in Texas is less than the same average cost for vacationing in Virginia. The table shows the
results of a random survey of vacationers in each state. The two samples are independent. At o = 0.01, is
there enough evidence to support the claim?

Texas (1) Virginia (2)

% =$248 | X =$252
S1:$15 32:$22
n1=50 ﬁ‘2=35

Solution: We follow the 6-step to perform the hypothesis testing.

Step 1: The statement ” the average daily cost for meals and lodging for vacationing in Texas (1) is less
than the same average cost for vacationing in Virginia (ue).” Therefore, the claim is g — pe < 0.

Step 2: The null and alternative hypotheses are given by
Hy: pg—pe >0 vs. Hy: pp — pe <O0.

The alternative hypothesis indicates that this is left tailed test.
Step 3: The test statistic is defined to be

(T — &) —0 (248 —252) — 0

TS == = —0.934
s s 152 222
m T e EC TS

Step 4: Since the test statistic is normally distributed. The critical value of this left-tailed test is C'V =
—Z20.01 — —2.33
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-2.4 0.0082 0.0080 0.0078 0.8075 0.0073 0.0071 o= 0.01
23 ._n.nm?—-emerinogﬁ 0.0094
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zZ
21 00179 00174 00170 00166 00162 0.0158 —2.33 0

We can also find the p-value = P(Z < —0.934) ~ 0.1752.

Step 5: Both critical value and p-value methods indicate that the null hypothesis is NOT rejected. This
implies that the alternative hypothesis is supported.

Step 6: The sample evidence does not support the claim that the average daily cost for meals and lodging
for vacationing in Texas is less than the same average cost for vacationing in Virginia.

Remark: For all two-sample tests of the difference between two population means, we need to keep the form
of difference of the two means consistent in (1) claim; (2) null and alternative hypotheses; and (3) the test
statistic.



3 Two-sample t-tests

In the previous section, we test the difference between two population means based on a large sample
assumption so that the test statistic is approximately normally distributed.

Now, we want to test the difference of means of two normal populations with unknown but equal
variances. Since the two population variances are assumed to be equal, we need to combine the two samples
to estimate the common variance.

2 (m—1si+ (2 —1)s3
pool ny +ng —2
The test statistic is defined by
1 —22)—0
TS = ( ! 2) — tn1+n2—2

\/812700l/n1 + Szzjool/n2

The sampling distribution of T'S is t-distribution with n; 4+ n2 — 2 degrees of freedom. We next perform the
two-sample t-test using the above test statistic and its sampling distribution with a numerical example.

Example 2. The braking distances of 8 Volkswagen GTIs and 10 Ford Focuses were tested when traveling at
60 miles per hour on dry pavement. The results are shown below. Can you conclude that there is a difference
in the mean braking distances of the two types of cars? Use a = 0.01. Assume the populations are normally
distributed and the population variances are equal.

¥ =134ft | x, =143t
5;=69 ft s,= 6.6ft

n1=8 n2=].0

Solution: The 6-step procedure is given below.

Step 1: The claim there is a difference in the mean braking distances of the two types of cars implies that
HGTI — PFord 7 0.

Step 2: The null and alternative hypotheses are given below.
Ho: perr — prora =0 v.s. Hy: perr — prord 7 0

This is a two-tailed test.

Step 3: The pooled sample variance is calculated as follows

5 (n1—1)s? + (ng — 1)s3 (8 —1)6.9% + (10 — 1)6.62

SPOOl n1+n2—2 8+10—2
The test statistic is given by
1 — T2) — 134 — 143) —
75— —F1-8) -0 (13 -0 L ssis.

\/Siooz/”l +s2,,/ns  V/15.33/8+45.33/10

Step 4: The t-critical value of this two-tailed test with 16 degrees of freedom is C'V = 42.921.



TS = -2.818
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Step 5: Since the test statistic is NOT inside the rejection, we fail to reject the null hypothesis. That is, we
reject the alternative hypothesis.

Step 6: There is no enough sample evidence to support the claim that there is a difference in the mean
braking distances of the two types of cars.

Remarks: (1). If one of the sample sizes is small, we have to assume both populations to be normal and
variance are unknown but equal; (2). If any of the assumptions are not satisfied, we cannot perform any
two-sample test in this class.

4 Two-sample Test Workflow: Summary

The following flow chart shows the workflow of two-sample tests.
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5 Practice Exercises

1. Suppose we have a dataset containing 130 observations of body temperature, along with the gender
of each individual and his or her heart rate. Is there a significant difference between the mean body
temperatures for men and women? Summarized sample statistics are:

n Mean Stdev
Women 65 98.105 0.699
Men 65 98.395 0.743

2. A consumer education organization claims that there is a difference in the mean credit card debt of
males and females in the United States. The results of a random survey of 200 individuals from each

group are shown below. The two samples are independent. Do the results support the organization’s
claim? Use o = 0.05.

Females (1) Males (2)

%, = $2290 %, = $2370
51 = 5750 S5 = 5800
m =200 n, =200

3. A manufacturer claims that the calling range (in feet) of its 2.4-GHz cordless telephone is greater
than that of its leading competitor. You perform a study using 14 randomly selected phones from the
manufacturer and 16 selected similar phones from its competitor. The results are shown below. At
a = 0.05, can you support the manufacturer’s claim? Assume the populations are normally distributed
and the population variances are equal.

Manufacturer (1) Competition (2)

x, =1275ft X, =1250ft
s; =45 ft 5, =30 ft
n =14 n, =16

6 Use of Technology

The Stats Apps for the two-sample test is at: (https://chpeng.shinyapps.io/twoSampleTests/). CAUTION::
The ISLA app only accepts variances in the input panel. If you are given standard deviations, you must
square them before entering them into the app.


https://chpeng.shinyapps.io/twoSampleTests/

6.1 Two-sample Test: Large Samples

Solution: Since both sample sizes are greater than 30, this normal test is based on the Central Limit
Sample #1 Theorem (CLT).

Given sample information: n; = 50, T, = 248, 87 =225 ny = 35 Ty = 252, 83 = 484,
sample mean
Step 1: Identify the claim of the population mean (g, — pt2).

248 The given information indicates that the claim 1S pt; — 25 1S less than 0

sample variance (s?)

Step 2: Set up the null and alternative hypotheses.
295 Based on the claim, the null and alternative hypotheses are given by Hy : gty — ptio = 0and Hy @ jy — pia
<0

ol
Slee s Step 3: Evaluate the test statistic.

50 The test statistic 1s defined to be
I, — Ig) — — 248 — 252) — 0
Fo— rs_ @)~ —m)  ( ) — _0.034.
P \/3%/,.“ + Sg/nz /225750 + 484/35
sample mean Step 4: Find the critical value and calculate the p-value.
Based on the significance level, we found the critical values fo be : —z, = —zyg;. = -2.326

252 The p-value is can be found as p-value = 0.175.

sample variance (35_} Step 5: Make a statistical decision on Hy.

At the 1% significance level, we do not reject the null hypothesis @}value =0175)
484

Step 6: Draw conclusion [justify the claim in step 1].

At the 1% significance level, we reject the alternative hypothesis . The claim is addressed using relationship
between the alternative hypothesis and the claim.

sample size (n2)

Claimed Value (,u.l _ #ﬁ) Standard Normal Distribution N{0,1)

= &
Claim Type Z . a
i 2
less than .
Significance level o 0.0 . ' '
001 0.2 Z-score

@ 011 013 045 047 01@0.2




6.2 Two-sample t-test

Sample #1

sample mean (Z

134

sample variance (s7)

47.61

sample size (1n;)

Sample #2

sample mean (Z3)

143

sample variance (s3)

43.56

sample size (1)

Claimed Value (p; — pa)

Claim Type

not equal to

I

Significance level
0.01

{

1 013 015 047

Solution: Since one of the sample sizes is less than 31. The following normal test assumes both populations
are normal and the two unknown population variances are equal

Given sample information: n; — 8, £, — 134, s% = 47.61.
ny =10, T, = 143, 53 = 43.56.

Step 1: Identify the claim of the population mean (1, — /s).
The given information indicates that the claim is: p1; — o 1S not equal to 0

Step 2: Set up the null and alternative hypotheses.
Based on the claim, the null and alternative hypotheses are given by Hy @ gl — ps = Oand Hy = iy — ps

£0

Step 3: Evaluate the test statistic.
We first find the pooled sample variance in the following

(ni — 1)+ (np —1)s3 (8 —1)47.61 + (10 — 1)43.56

2 — — = 45.332.
pool ny +ng —2 8§+10-2
The test statistic is defined to be:
Ty —Iy)— - 134 —143) — 0
rs= 1 =T —la—m) ) = 2818,

S0+ Sy V/A5332[8+ 4538210

Step 4: Find the critical value and calculate the p-value.
Based on the significance level, we found the critical values to be : :‘:tn[?,df = :l:fg_ugg,__ls. = 2921

Step 5: Make a statistical decision on ITj.
At the 1% significance level, we do not reject the null hypothesis that the true mean 15 0 (p—value =0.012).

Step 6: Draw conclusion [justify the claim in step 1].
At the 1% significance level, we reject the alternative hypothesis The claim is addressed using relationship
between the alternative hypothesis and the claim.

0.0

t Distribution: t[16]

T5=-2818

2 L 2 4
t-score
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